In this paper, in a purely algebraic way, Schwartz distributions in several variables are generalized in accordance with their homomorphism interpretation proposed by R. A. Struble. 0. Introduction. R. A. Struble in [10] has shown that Schwartz distributions can be characterized simply as mappings, from the space 3) of test functions into the space % of smooth functions, which commute with ordinary convolution. This new view of distributions has turned out to be very useful [11,12] and motivated us to give a simple generalization for distributions which is closely related to Mikusiήski operators and convolution quotients of other types [11, 12, 4, 13] . The method employed here is an appropriate modification of a general algebraic method [5, 2, 8] .
ARPAD SZAZ
Let % be the set of all infinitely differentiate functions from R* into C, and let 3) be the subset of % consisting of all those functions with compact support.
It is known that with the pointwise linear operations and convolution 2 is a commutative complex algebra without proper zero-divisors, and % is a complex vector space and a Q) -module. DEFINITION 1.1 . Let M = {F: Ό F C3)^%\ V φ,ψED F : F(φ)*ψ = φ *F(ψ)}. PROPOSITION 
Let F EM. Then F has a maximal extension in M.
Proof Let & = {GEM: FCG}. Under set inclusion 9 is a novoid partially ordered set. Moreover, if 38 is a chain in ^, then U 39 is an upper bound for it in 9. (To prove this use (2.19 ) Theorem in [3] .) Thus, by Zorn's lemma 9 has a maximal member. Proof See the proof of 1.5. Lemma in [4] . Proof. Suppose first that every FEM with domain D has a unique maximal extension in M. To prove that D is normal suppose that / E % such that / * D = {0}. Let F and 0 be the functions defined on 3) by F(φ) = /*φ and O(φ) = 0. Then F and 0 are maximal extensions of F \ D in M. Thus, / * φ = 0 for all φ E 3). Hence, it follows that / = 0.
To prove the converse suppose that D is normal and FEM with domain D. We prove that F = {(<p, /)G9x?:VσED:/*σ = (p* F(σ)} is the unique maximal extension of F in M.
To prove that F is a function, suppose that (φ,/i), (φ,/ 2 )E F Then f λ * σ -φ * F(σ) and f 2 * σ = φ * F(σ) for all σ ED. Hence, it follows that (j x -f 2 )*σ = 0 for all σ ED. This implies that /j = / 2 . Now, we prove that F is a multiplier. For this, suppose that φ,ψE Dp. Then
The remaining part of the proof is quite obvious. REMARK 1.6. In the following, we shall not make use of Proposition 1.2. and 1.5. They are only to make clear and complete our treatment. Proof. See the second part of the proof of Proposition 1.5.
Then Dp is an algebra ideal in 3), and F is a vector space and a 3)~module homomorphism.
Proof. Easy computation. Suppose that F, G G 3K and Φ, Ψ G 9?. From the definition of 3)? it follows immediately that Φ~\3)) and Ψ~ι (3) ) are normal algebra ideals in 3).
The first step is to prove that / + G, F*ΦG9ftandΦ + Ψ, Φ*ΨG 9?. For example, we prove that F*ΦG3R. For all <pED F and we have
Hence, it follows that D F *Φ" ! (®) CD Foφ . Thus D Foφ is normal. Moreover, for all φ,ψE D Foφ , we have
Thus FoφG Jί, and so F*Φ = F The next step is to prove the required commutative, associative and distributive laws for + and *. For example, we prove that F*(Φ + Ψ) = F*Φ + F*Ψ. Clearly, D F *(Φ~\2) ΠΨ" ! (®)) is normal and for all φGD F * (φ-'(S) Π Ψ ι (3))), we have
Hence, using Corollary 1.10., we get F * (Φ + Ψ) = F * Φ + F * Ψ. Now, let 0 and 1 be the functions defined on 2) by 0(φ) = 0 and l(φ) = φ.
Then 0,1 E 31 and Finally, we prove that 9Ϊ has no proper zero-divisors. For this suppose that Φ*Ψ = 0. Then for all φ E Φ ι (2) and φ E Ψ' ι (3)), we have Since 9? is commutative, it is no restriction to assume that Ψ ^ 0. Then there exists ψ o EΨ~ι (3) 
Moreover, for all φE Φ ι (3)), we have Φ(<p)*Ψ(^0) = 0. Thus Φ(<p) = 0 for all φ EΦ" ι (®), and so Φ = 0. Namely, Φφ φ ) Π 3) = φ * 3) is not normal, since / * (φ * 3)) = {0} for all constant / E %.
Embedding of distributions. Let 3)' be the set of all
Schwartz distributions on R\ and let %' be the subset of 3)' consisting of all those distributions with compact support.
It is known that, under addition and convolution, T is a commutative ring with unity and without proper zero-divisors, and 3) f is a unitial Έ 1 -module. Moreover, C and % are embedded in 3)' such that Proof See Lemma 3 in [10] .
In the following theorem % and 2 are supposed to be equipped with their usual topologies [9] . THEOREM 3.5. Let FeWl. Then F = F Λ for some A E 2' if and only if F is continuous.
Proof Suppose first that F = F A for some Λ E 2'. Then F(φ) = Λ*φ for all φ E 2, Thus, by 6.33 Theorem in [9] , F is continuous.
Suppose now that F is continuous. Let A be the function defined on D F ={φ: φ ED F } by λ(φ) = F(φ)(0).
Then λ is a continuous linear functional on the linear subspace D F of 2. Thus, by 3.6 Theorem in [9] , there exists AEQ)' such that λ C Λ. Moreover, we have
Hence, it follows that F = F Λ .
REMARK 3.6. The proof of Theorem 3.5 shows that we might have used an apparently weaker continuity property of F in Theorem 3.5., if we had taken the topology of the pointwise convergence on R* instead of the usual topology of % [12] . LEMMA 3.7 . Let ΦG3Ϊ. Suppose that (<τ)* =1 is an approximate identity (delta sequence [12] ) such that {σ n f n=x CD φ and {Φ (σ n 
and, using Lions' theorem [12] ,
for all n. Thus, we have
for all n. Therefore, there exists a bounded set BCR k such that suppΦ(<p)*σ-π CB for all n. Hence, since lim n _ocΦ(φ)*cr n = Φ(<p), it follows that supp Φ(φ )CB.
EXAMPLE 3.8. Let Q be the quotient field of 3. Suppose that q G Q such that D q contains an approximate identity, but D q / 2 \{0}. (To make it clear, recall that Q consists of all I = {(σ, χ) G (3) \{0}) x 2: χ * ^ = σ * φ } such that φ,ψ&3) and ψjέ 0. Concerning the existence of such a q see [1] .) Then, it is clear that q EM, and so q E9PΪ. Moreover, by Lemma 3.7., we have q (D 4 
)C3).
Therefore q = q U{(0, 0)}. Hence, since D q £ 2>\{0}, it follows that D« ϊ S. Thus, by Theorem 3.4., there is no ΛE §' such that q = F A .
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